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Comment on ‘‘Modal Cdupling in
Lightly Damped Structures’’

Alexander H. Flax*
Institute for Defense Analyses, Arlington, Va.

ASSELMAN! has investigated criteria for modal

coupling of lightly damped structures. His results are
obtainable more simply and directly from the classical per-
turbation theory for lightly damped structures given by
Rayleigh.? In addition, Rayleigh’s derivation makes the
mathematical treatment of orders of magnitude more explicit
and obvious and permits computation of the frequency
corrections for light damping to the second order in damping
perturbation.

Rayleigh’s theory begins with an unperturbed system that is
undamped and is characterized by kinetic energy 7T and
potential energy V in terms of the normal modes of vibration
as generalized coordinates with amplitude g,. These are, by
definition, uncoupled. Thus,

T=% a,g3+ % a,q3+ --- (la)

V="V c,q3+c,q3+ -+ (1b)

where, as is apparent, a, and c, are, respectively, the
generalized mass and stiffness of the nth normal mode.

The perturbation comprises small damping terms that may
couple the modes together. Thus damping is introduced in
terms of the Rayleigh dissipation function F, where

F=Vsb,qi+% bpg3+---+ g4, +b;54,45 + -+ (2)

Using Lagrange’s equations with the dissipation terms and
supposing variations of all time coordinates as e”’ leads to a
set of equations equal in number to the number of degrees of
freedom. The nth equation of this set is

(p%a,+b,p+c,1q, +pED,,q,=0 3)

Considering the damping as small and taking the unperturbed
natural frequency p,, = iw,g, the first-order correction to the
kth normal mode is obtained as the ratio of the nth modal
coordinate to the kth:

qn binPro

= 4
dk a,(P}o—Pio) @
This expression leads to criteria for modal coupling identical
to those arrived at by Hasselman.

In addition, Rayleigh gives the equation for the com-
putation of the natural frequencies (more properly in this
case, eigenvalues that are complex for the damped case) to the
second order in the magnitude of damping as
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Introducing the damping ratio of the kth mode as
$x =by/2a,w,, and noting that p, =iw,,, Eq. (4) becomes

— 2 g'k Ekﬂ
T Nwiplw2y) =11 (gkk ) ©®

where £, =2{;w, and £,,=b,/a, to correspond to
Hasselman’s definitions. Here the purely imaginary phase of
Eq. (4) has been suppressed by converting to absolute values.
If, in Eq. (6), the requirement is set that g,/g, <1, the result
is exactly the inequality given by Hasselman’s Eq. (15).
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Reply by Author to A. H. Flax

T. K. Hasselman*
J. H. Wiggins Company, Redondo Beach, Calif.

HE comment by Flax suggests an aiternative criterion for

neglecting the off-diagonal coupling terms in the modal
damping matrix of a lightly damped structure. It first should
be recognized as being different from the one presented in
inequality (8) of Ref. 1. In particular, Flax implies that,
whenever

lg,/q;1 <1 6}

the modal coupling term £,; may be neglected. This inequality
(1) leads to the criterion

25 £y

</ 2
(B —D2+426717% | g, |IT @

whenever the kth equation (row) of the set
{([w?]=Q2[I]) +2[£]}{qiQ) } ={0} 3

isused withQ=w;; =w;/w;.
Reference 1 asserts that, whenever the inequality

l{e}T1Z, (i)} {e};! <1 @

is true, the modal coupling term £,; may be neglected. This
leads to the criterion

2 ]/

gkj
) {[(62—1)24'4&“%52] 7

£i

which is clearly different from Flax’s inequality (2).

The question is, which criterion (if either) is proper? If one
were to choose Q=w, in Eq. (3) for deriving the ratio q,/q;,
inequality (1) would lead to
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which is a drastically different result. In the same manner, if
one lets @ =w, in (4), the following results:

2¢; ]%}V?
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[(§e/8) 2 (87— D)2 +45287
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Whenever {; = {,, the inequalities of (5) and (7) are identical.
Otherwise they are not identical, and the statement im-
mediately preceding Eq. (12) of Ref. 1 is not strictly true.
Whenever ;> {, assuming w; <w,, (7) should be applied in
lieu of (5) (since the requirement of the latter is the more
severe). The writer therefore is appreciative of this op-
portunity to modify the criterion offered in Ref. 1.

In any case, both of the inequalities (2) and (6), which
follow from Flax’s approach, are believed to be inap-
propriate. In the notation of Ref. 1,

(/+Z,)H,=P; H, =[I+Z,17'P,

For small Z,, it can be shown [Eq. (4A) of Ref. 2] that
U+Z,17 '~ U-Z,]
Transformation of H, to H, yields
H,=Z;"[I-2,12;"P, ®)
Recalling that Z, =27 % Z,Z; *, we find that

H,=(Z;'-Z;'Z,Z;")P, (9a)
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Hq-—-(]—Z;‘Zn)Zd"Pq (9b)
Flax’s criterion is equivalent to the inequality
le[Zg’(iwj)Z,,(iwj)ejl<1 (10)

which may be inferred from Eq. (9). Contrast this with the
inequality (4) derived from Eq. (8). If Flax’s criterion (10)
were to be used, it would seem that

leTZ; ! (iw;) Z, (ico)) e | <1 an

also should be satisfied, recognizing the asymmetry of the
matrix product Z;’Z,. This inequality (11) leads simply to

6478, <1 (12)

(assuming &, =&,;), which takes us back to where we started,
i.e., to the point of having to evaluate directly the importance
of the off-diagonal terms in Eq. (3).

In conclusion, it is believed that Dr. Flax is in error with his
statement that the writer’s results ‘‘are directly obtainable
from the classical perturbation theory...given by Rayleigh.”
The present reply serves to illustrate the differences between
Flax’s criterion and the one presented originally. !
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Errata

Dynamical Constraints in Satellite
Photogrammetry

J. N. Blanton and J. L. Junkins
University of Virginia, Charlottesville
[AIAA J. 15, 488-498 (1977)]

HE second line after Eq. (5¢) should read: centered
principal body axes system, denoted by the mutually
Equation (6¢) should read:

w3 (1) =w3lt,tg, 1,15, 15,0, (15),w, (1), w; (1y)]

Equations (7b) and (7¢) should read, respectively:

. Lm0, (1) T T
_ —1 {2373 - -
¢, (t) =sin ( >, 3 s¢232
—Lw, (1)
_ — 2W; _
¢3(t) =tan <—11w1(f) ), T<¢p;<T

Equation (12) should read:

[Cle(0),0(0),x(1))]=[2(£L1) IIC(w (1), 8 (£9).x(15))]
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The fourth line from the bottom of the second column on
page 490 should read: in order to test the feasibility of in-
corporating full dynamic

The nineteenth line on page 491 should read: University of
Virginia CDC 6400 computer. These programs are

The fourth line in Appendix A should read: Assume:
Principal body axes {p} are ordered such that

The eighth line after Eq. (A4) should read: Egs. (Al) to
uncouple the equations of motion. Equations (Al)

Equation (A6¢) should read:

(L) = t=x) k)

The last line above Eq. (A9) should read: s;,= +1, ~1,0r0,
and
Equation (A10) should read:

2L, T—H? %
g = | |
LI, - 1)

Equation (A13b) should read:

— —H? )
- [(12 L) (21, T-H )J if H?<2I,T
1,11,

The sixth entry in the left-hand column of Table Al should
read: w; (#y) #0

The eighth entry in the right-hand column of Table Al
should read: s; =s, sign(w, (#,))

The second line in the title of Appendix B should read:
Angles Orienting Principal Body Axes to an Angular



